The 1/N c expansion is one of the very few methods we have for generating a systematic expansion of QCD at the energy scale relevant to hadron structure. The present formulation of this theory relies on the double-line notation for calculating the leading order of a diagram in the 1/N c expansion, where the local SU (N c ) gauge symmetry is substituted by a U (N c ) symmetry and the associated U (1) ghost field is ignored. In the current work we demonstrate the insufficiency of this formulation for describing certain non-planar diagrams. We derive a more complete set of Feynman rules that include the U (1) ghost field and provide a useful tool for calculating both color factors and 1/N c orders of all color-singlet diagrams.
I. INTRODUCTION
Quantum Chromodynamics in the energy region relevant to hadron structure does not have a small parameter that can be used in an expansion. Gerard 't Hooft proposed to generalize QCD to an arbitrary number of colors, N c , and to use the inverse of the number of colors, 1/N c , as such an expansion parameter. For the expansion to be convergent, the number of the colors is assumed to be very large, while g 2 /N c is kept fixed [1] . This model has proven to be a very useful analytical tool for obtaining exact results in QCD-like theories and hadron phenomenology [2] , [3] , [4] . In this formalism the double-line counting scheme gives diagrammatic rules for ordering the Feynman diagrams according to their leading power of 1/N c . These rules can be used to prove, on topological grounds, that the diagrams that can be drawn on a plane without any of the lines crossing (planar diagrams) are of leading order with respect to those which can only be drawn with some of the lines crossing (non-planar diagrams).
As a simple, introductory example we recall our recent work exploring the consequences of using different models for dressing quark-gluon vertex diagrams for the solutions of the quark Gap equation [5] . There we came across the diagrams depicted in Fig. 1 , contributing at order O(g 5 ) in dressing the vertex. A naive interpretation of the planarity arguments leads to the conclusion that the diagram in Fig. 1d should have a smaller color factor than those depicted in Figs. 1a-c, since they all have same number of factors of g.
On the other hand, the color factors of the diagrams in Fig. 1 are easy to calculate explicitly using the properties of the generating matrices of the fundamental representation of the SU (N c ) group. The diagrams in Fig. 1a -c have the the same color factors:
The color factor of Fig. 1d can also be easily calculated:
This result seems to be in contradiction with the planarity arguments associated with the 1/N c expansion. The qualitative solution of this puzzle can be understood if we look more closely at the topological criteria in 1/N c . The criterion of planarity can be applied only to color-singlet objects if it is to be unambiguous. Moreover, the outer edge of the diagram
Here the large red circle denotes the 2-nd order dressed quarkgluon vertex function ( 2 in the parenthesis denotes the number of gluon lines contributing to the vertex) and the small black circles on the propagators denote that the propagators are fully dressed. The non-planar diagram (d) proves to have significantly larger color factor than the planar diagrams (a)-(c).
must be a quark loop 1 [4] . The most logical way of constructing a color-singlet object from the vertex diagrams of Fig. 1 is by inserting them into the quark self-energy term of the Gap equation and closing the fermion loop in a manner that will leave the quark loop on the outer edge of the diagrams. This is demonstrated in Fig. 2 for the diagrams shown in
Figs. 1a and 1d.
This demonstrates that both vertex diagrams yield non-planar diagrams, which need to be considered in more detail in a 1/N c expansion in order to determine their leading order contribution. The 1/N 2 c suppression of the diagrams in Fig. 1a -c, with respect to 1d, ought to be understood by applying double-line counting rules, but it is easy to convince oneself that the double-line rules yield exactly the same order in 1/N c expansion for all diagrams. In the next section we investigate this problem in detail and formulate a revised set of double-1 It can be proven by invoking the generalized polyhedral (Poincaré) formula that in U (N c ) theory the leading N c order of a particular connected vacuum (color-singlet) diagram can be expressed as χ = 2 − 2h − b, where h is the number of handles and b is the number of boundaries of the manifold on which the diagram is drawn. Each quark loop represents a boundary, thus a graph with one quark loop should be drawn on a surface with a topology of a sphere with one hole (a circle bounded by the quark line) versus a graph with no quarks which is drawn on a surface of a sphere (infinite plane). For planar graphs h = 0, where for non-planars one needs to insert handles in the surface for the intersecting gluon lines to jump over each other. 
II. REVISING DOUBLE-LINE COUNTING RULES
A careful examination of the 1/N c power behavior of the non-planar diagrams requires a short review of the introduction to the double-line counting model of the 1/N c expansion (also known as large N c QCD) [4] . As we mentioned in the previous section, QCD in the low energy region, where most of the hadrons lie, does not have an explicit parameter in which it can be expanded. 't Hooft's proposition was to use 1/N c , assuming N c to be so large that the expansion will be sensible. In the discussion from now on we will drop the c index from the number of colors, writing it simply as N . The corresponding Lagrangian density is:
with the covariant derivative defined via gauge field:
and the field strength as:
From now on we will ignore the flavor index of the quarks, as it will be irrelevant to our discussion. We also note that the large N limit can be taken with either N f or N f /N fixed.
The counting of the color factors of the Feynman diagrams is necessary in assessing their importance in this counting scheme. 't Hooft proposed a diagrammatic method for counting the color factors of the diagrams, the so-called double-line notation. The method is easy to understand by considering the color structure of the theory's Green's functions. The quark propagator has the following structure
where the color indices i, j ∈ {1, 2, ..., N }. Thus, the propagator is depicted diagrammatically by an arrowed line with the same color indices on both ends because of δ ij , see Fig. 3a.
The gauge field propagator is
Using the following SU (N ) identity [6] (t a )
and the normalization condition of the t a matrices, the color indices of the propagator (7) can be written explicitly
The U (N ) identity corresponding to (8) has the following form This extra penalty of 1/N is the reason the ghosts are generally ignored in the literature.
We also note that with each double-line U (N ) gluon and U (1) ghost propagator, we have to include a factor of 1/2 to account for the proper normalization.
The quark-gluon vertex is generated by the following term of the Lagrangian
Thus the quark-gluon vertex can be depicted in the double-line and dotted notation as shown in Fig. 4 . We note that there is no U (N ) gluon-ghost interaction, as these fields are commutative. We also note here, that in the general literature on the 1/N expansion, the ghost contribution is commonly ignored.
The color structure of the gluon 3-point function is given by the totally antisymmetric structure with the color indices of the gluon legs f abc . As noted in the Ref. SU (N ) relation allows one to reduce the problem to the case of quark-gluon vertices, which we have already discussed:
The diagrammatic notation is shown in Fig. 5 , where the diagrams containing ghost lines cancel each other.
The gluon 4-point function has three parts, where all possible pairs of gluon legs are formed, with appropriate color and Dirac factors. A typical color structure is:
which can be diagrammatically depicted as an exchange of a single gluon between the four gluon legs as depicted in Fig. 6 . Then each 3-gluon vertex can be expanded using the rules in Fig. 5 . The double-line diagram expansion is shown in Fig. 6 , without the multiplicative factors 4 arising form relation (12). The 1/N expansion for Faddeev-Popov ghost propagator and the gluon-ghost-ghost vertex is completely analogous to that for the gluon propagator and the 3-gluon vertex, and we therefore also skip their treatment here.
With this diagrammatic notation, the color factor of a diagram may be counted by 
where L is the number of closed color index loops, C is the number of couplings, g, and G
is the number of ghost propagators in the diagram.
We note that a similar scheme for calculating SU (N ) color factors was developed earlier in the literature (the so-called bird-track notation) -see Ref. [6] and references within.
This was where we learned how to implement the color factors for 3-and 4-point gluon functions. On the other hand, our version of the Feynman rules gives a more intuitive method for calculating the color factors by preserving the topological structure of the original diagram and keeping track of numerical factors arising from ghost lines, leaving less space for confusion when dealing with non-trivial diagrams with large number of quark and gluon lines.
These rules are easy to demonstrate on the simple example depicted in Fig. 7 . The color factor and 1/N order of the diagram, Fig. 7a is easy to calculate
The rules described above allow for an easy evaluation of the color factors for the diagrams in Figs. 7b-7d:
The double-line analysis of the lowest order non-planar diagram with quark loop, where the U (1) ghosts were also included.
It is easy to check that Cf a)
as depicted in the Fig. 7 .
Here we see the importance of the U (1) ghost fields, where the term Cf 1 , but is multiplied by a factor of two with the opposite sign. In the literature this example is demonstrated without the ghost fields, which should yield the wrong sign, but accidentally the right order in the 1/N expansion. We want to emphasize that the ghost fields can be discarded in describing the SU (N ) theory, only if we consider the leading order diagrams with the given number of quarks and gluons -that is, only for planar diagrams. 
The Cf 2b are easy to calculate using Eqs. (1) and (2) Cf a)
Cf a)
Thus we can again check that
where we skipped constructing the full 1/N ordering of the diagrams, as the factor N −3
from the gauge coupling, g, is common for all the diagrams.
III. CONCLUSIONS
We would like to start our discussion by emphasizing that the criterion of planarity in large N c QCD is only valid for color-singlet diagrams with an outmost quark loop. If a non color-singlet diagram can be closed into a color-singlet diagram in more than one way, then the associated color factors will be different, thus setting the diagram at different order in the 1/N c expansion. Moreover, if the quark-loop is not the outmost loop of the diagram, then the planarity criterion is not applicable to the given diagram that yields its 1/N c behavior -see Ref. [4] for discussion.
We demonstrated that the usual double-line notation is insufficient for evaluating some non-planar diagrams, as the SU (N c ) algebra yields different results from the double-line notation. This discrepancy is caused by omitting the U (1) ghost contributions, assuming that they contribute only in subleading orders. While this is true for planar diagrams, ghost 
